Abstract. The set of consistent initial conditions for a second-order system with singular mass matrix is obtained. In general, such a system can be decomposed (i.e., partitioned) into three coupled subsystems of which the first is algebraic, the second is a regular system of first-order differential equations, and the third is a regular system of second-order differential equations. Under specialized conditions, these subsystems are decoupled. This result provides an extension of Guyan reduction to include viscous damping.
A T A > (_>)0 real (complex) numbers, real vectors (matrices) of dimension n (n n), ijth element of the matrix A, rank (defect, index) of the matrix A, nullspace (range) of the matrix A, transpose of the matrix A, symmetric positive-(nonnegative-) definite matrix, subspace S1 orthogonal to the subspace 32, direct sum of the subspaces S1 and 2, intersection of the subspaces Sl and $2, equal by definition. 1 . Introduction. Singular linear systems, that is, linear systems of the form E Ax, where the matrix E is singular, have been studied extensively. Such systems arise in singular perturbation problems [1] , optimal control [2] , and large scale interconnected systems and economics [3] .
An interesting property of singular systems is the existence of impulsive behavior for certain initial conditions. Although for consistent initial conditions the system behaves like a regular linear system, initial conditions that are not consistent lead to impulsive behavior by which the state is instantaneously transferred to the set of consistent initial conditions. A familiar example is the sparking that often occurs when two electrical subsystems are suddenly connected together.
In the present paper we study the matrix second-order equation M + CO + Kq 0, where M, C, and K denote nonnegative-definite mass, damping, and stiffness matrices, respectively. This equation represents a special case of a singular system when the mass matrix M is singular. A second-order system with singular mass matrix may arise from a singular perturbation problem [4] or may represent a large scale system with algebraic constraints placed on the state variables of the component subsystems. Our goal is to investigate the properties of this second-order equation in the case in which M is singular.
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In applications it is often the case that M is not singular but rather contains terms that are numerically small. It is then standard engineering practice to assume that these terms are zero, in which case M is singular. However, if the initial conditions are restricted to lie in the set of consistent initial conditions, then the behavior of the system is governed by a regular system of linear differential equations of reduced dimension. This is the idea behind Guyan reduction [5] , which is a modelreduction technique widely used for analyzing structural vibrations of large undamped mechanical systems. Certain finite element modeling techniques involving massless coordinates may also give rise to second-order models with singular mass matrices [6, pp. 107-109] . Although numerical simulations of such systems can be problematic because of the impulsive behavior of the model, such problems can be avoided by restricting the initial conditions appropriately. Singular mass matrices also arise in nonlinear multi-degree-of-freedom mechanical systems [7] .
The purpose of this paper is to determine the set of consistent initial conditions for matrix second-order systems with nonnegative-definite mass, damping, and stiffness matrices and to construct a reduced model for such systems when the states are restricted to lie in this set. These results are obtained by specializing known results relating to singular systems to the second-order case. It is shown that a secondorder system can be decomposed (i.e., partitioned) into three coupled subsystems of equationsmthe first is algebraic, the second is a regular system of first-order differential equations, and the third is a regular system of second-order differential equations.
This result is used to obtain an extension of Guyan reduction to include viscous damping.
2. Preliminaries. We begin by introducing some definitions concerning the linear system (1) E(t) Ax(t), x(O) c, where t >_ 0, x(t) E Tn, E, A E 7n, and where E may be singular. In the definitions to follow, a solution is assumed to be analytic. In general, the singular system (1) admits nonanalytic solutions in the form of distributions [8] .
A vector c n is a consistent initial condition if the initial value problem (1) possesses at least one solution. It is easy to see that the set of consistent initial conditions of (1) Then ind/1 ind/, and n() n(2), where k ind/.
The following proposition, which follows from Theorem 9.2.3 of [9] , characterizes the set of consistent initial conditions of (1) . PROPOSITION 2. Suppose that (1) is tractable, let C be such that rank(AE SINGULAR MASS MATRIX 651 A) n, and let k ind .T hen the set of consistent initial conditions of (1) If M + C + K > 0, then it follows from (3) that rank(E A) r + rank(M + C + K) 2r so that E-A is invertible.
Since we are interested only in systems possessing unique solutions, we shall assume that M + C + K > 0 throughout the rest of this paper. In this case, it follows from Theorem 1 that the matrix E A is invertible. We define 2t?/ M + C + K and
The following lemma gives a few properties of/. form a basis for A/'(M + K) and the result follows.
The proofs of ii) and iii) are similar. Theorem 3 gives conditions under which M, C, and K may be assumed without loss of generality to be of the form given by (7) . Note that the first rl equations are algebraic while the remaining equations represent a regular first-order system of dimension r2 coupled with a regular r3-degree-of-freedom second-order system. The following corollary shows that under special assumptions the algebraic equations can be eliminated to obtain a regular second-order system with a reduced number of degrees of freedom. Proof. Under the stated assumptions, there exists a matrix U 7 such that UTMU, UTCU, and UTKU are given by (7) The transformation q S reduces (2) rank(M + C) 2. Thus only three independent quantities need to be specified at the initial instant, specifically, either q2, q3, and (3 or q2, 2, and q3. However, q3(t) (t) satisfies the reduced order equation (10) and is completely determined by the initial values of q3 and 3. Consequently, q3(t) is independent of the initial value of q2. In physical applications, the displacement of the mass is of primary interest. In such cases, the reduction procedure automatically eliminates the unwanted variable q2.
This illustrates the extension of Guyan reduction to systems with damping.
